We argue that the physical significance of the normal to local mode transition in triatomic molecules AB2 lies in an enhanced susceptibility of eigenstates to symmetry breaking perturbations. States of local character have higher susceptibilities than states of normal character. The quantum mechanical condition for the normal to local mode transition is formulated. The issue of stability is addressed from a classical, semiclassical, and quantum mechanical point of view. The question of instability of the unperturbed quantum system is decided individually for each eigenstate. The relevance for experiments is outlined.
I. INTRODUCTION
The reactivity of a molecular species depends on the distribution of excitation on internal degrees of freedom in the transition state. Therefore, localization of vibrational excitation into specific degrees of freedom will affect the rates of chemical reactions. Usually the degree of freedom responsible for a chemical reaction is associated with a highly excited vibrational state of the molecule, whose popUlation depends on both the inter-and intramolecular dynamics. Thus the efficiency of excitation transfer into the degrees of freedom that support or lead to dissociation affects the rate. In the case of localization of excitation it may lead to considerable deviation of the actual population from population predicted from Maxwell-Boltzmann statistics.
Two generic mechanisms of localization can be distinguished by the nature of the potential that confines the excitation.
First, localization in a minimum of a static potential occurs under relaxation by some external mechanism. A static potential exclusively depends on the coordinates of the system. It is insensitive to initial conditions and does not vary with time.
Second, localization in a minimum of a dynamic potential can occur, in contrast to the first case, even in the absence of relaxation by some external mechanism. This can be understood from the fact that a dynamic potential depends on the momenta and eventually on the coordinates of the system. Thus it is sensitive to initial conditions and varies with time.
In this investigation we shall be exclusively concerned with localization in a dynamic potential. The object of our study will be the class of AB2 molecules with C 2u symmetry' for the following reasons.
First, due to symmetry constraints there exists no intramolecular static potential that allows localization of vibrational excitation into a specific AB bond oscillator. Therefore the study of localization in a minimum of a dynamic potential becomes important. It results in the reduction of the molecular symmetry, often referred to as "dynamical symmetry breaking." Obviously the normal mode description of the molecular oscillations then becomes inadequate and local modes provide a more satisfactory picture. The normal to local mode transition occurs at the boundary between these two descriptions.
Second, the system is simple enough to be treated analytically in both the classical and quantum mechanical limit and may thus allow generalization of the results. The specific questions we want to address will become apparent after a brief survey of previous investigations on the normal to local mode transition in triatomic molecules AB 2 •
The Hamiltonian for the water molecule, the epitome of molecules AB2 with symmetry C 2u ' was originally written down by Podolsky.2 Perturbative analysis of the vibrational contribution led Bonner 3 to an expansion of the vibrational level energies in powers of the vibrational quantum numbers of the normal modes. Inconsistencies of calculated and observed spectrum were removed by Darling and Dennison, 4 who recognized that due to the near degeneracy of the symmetric and antisymmetric normal mode, the coupling between these two modes has to be taken into account. The corresponding reduced Hamiltonian correctly generating the spectrum is called the Darling-Dennison Hamiltonian, the introduced resonant term the Darling-Dennison term. The Darling-Dennison Hamiltonian in the second quantized representation is an algebraic form of the raising and lowering operators for the normal modes. The discovery by Henry and Siebrand 5 that an algebraic form in the raising and lowering operators of the local modes shows at least equally good agreement with the spectra and even excellent agreement with the low-energy states within the same overtone manifold opened the discussion as to the physical nature of these vibrational states.
From here on there have been a number of efforts on the problem. For a comprehensive review and bibliography on the topic, the reader is referred to Ref. 1. The focus of attention has been on models of two identical harmonically coupled local bond Morse oscillators, both classical and quantum mechanical. These are especially appealing from a physical point of view and lead directly to the local expansion mentioned above.
In an earlier treatment of the classical aspects, we connected 6 to the hindered rotor model developed by Sibert et al. 7 , 8 Their analysis is carried out in action angle coordinates, where the action of the hindered rotor is given by the ence of the oscillators. The potential of hindrance is periodic in 21T. In the weak coupling limit they identified the regime of local modes with libration of the rotor and normal modes with hindered rotation. Using the WKB method they obtained the semiclassical eigenvalues in good agreement with the exact result from the quantum mechanical analog.
The quantum mechanical aspects were studied by Stannard et at} Mortensen et aI., 10 and then in a series of detailed investigations by Child and Lawton, II who found from numerical calculations an indicator of local and normal character of a state in the spectrum. This indicator is given by the ratio of the coupling between the oscillators and the anharmonicity constant of the oscillators. Local character was attributed to states that appear in pairs split by an energy difference small compared to the energy difference to neighboring states in the spectrum, normal character to all other states. The splitting between states of local character was attributed to tunneling between degenerate local modes. States of the same total vibrational quantum number n are grouped in the "nth polyad." States of local character usually appear at low energies within a polyad, states of normal character at high energies. The number of states of local character increases with n. Weak coupling, strong anharmonicity, and high excitation favor local character states. These observations can be understood and quantified from the properties of a dynamical double well potential using semiclassical ideas. 6
Part of the discussion was reconciled by Lehmann l2 and then Kellman l3 who demonstrated the equivalence of the normal Darling-Dennison Hamiltonian and the local algebraic Hamiltonian, which are related by a S U(2) transformation. Kellman also pointed out that the labeling of states in either normal or local zeroth order basis is both inaccurate and ambiguous. Xiao and Kellman 14 then proposed a classification scheme for the vibrational states in terms of the dynamical properties of the classical Darling-Dennison Hamiltonian. Their contribution is important in two aspects. First, they showed by numerical integration of the equations of motion that the locality or normality of a classical trajectory is independent of the representation in a local or normal basis. The display of the classical phase space trajectories of states in the same poly ad on the "polyad phase sphere" spanned by S U(2) coordinates allowed them to assign unambiguously the label of local or normal character. For example, a trajectory corresponding to a state with local character in the spectrum must be inside the nonresonant area in the local representation and inside the resonant area in the normal representation, i.e., two classical normal modes exchanging vibrational excitation form a local classical mode. Second, they demonstrated that their model is a legitimate extension of the one treated by Sibert et al. 7 , 8 beyond the weak coupling limit. Recently the analytical forms of the trajectories have been found and the condition for the classical normal to local mode transition has been formulated,6 which is in agreement with earlier results. ls At this point, the distinction between local and local character has been made. Classical local modes can be assigned to quantum mechanical modes of local character. Yet in contrast to the possibility of localization of excitation in the classical local modes the quantum mechanical states of local character are characterized by delocalization of excitation in any basis. The reason is that all eigenstates are invariant under the symmetry operations according to the molecular symmetry, i.e., in the local mode representation they are formed by a superposition of two local states of identical excitation and are thus inherently of nonlocal nature.
Progress has been made by the demonstration 6 of the equiValence of the classical dynamics of exchange of vibrational excitation between bond oscillators to that of an undriven Duffing oscillatorl 6 in a potential V without damping. The stability properties of the solutions have been discussed using phase-plane analysis and potential analysis, resulting in a clear formulation of the conditions for the normal to local mode transition. A prominent role fias been attributed to the dynamic potential V that can change from a single well to a double well form upon excitation. The normal to local mode transition has been connected to that change via a bifurcation parameter K that not only relates the antagonistic tendencies of transfer and localization but also takes the total excitation into account. A necessary condition for the existence of local modes has been given by IKI<l. A phase diagram that allows the assignment of the classical solutions to spectroscopic eigenstates has been presented. Furthermore, a semiclassical interpretation has been used to discuss the relevance of the classical results for the quantum mechanical problem. However, the question of the physical significance of the normal to local transition in quantum mechanics remained unanswered.
In this paper, we demonstrate the difference in the physical properties between eigenstates of local and those of normal character. Quantum states that correspond to local modes in a classical description are extremely susceptible to symmetry breaking perturbations. When a small symmetry breaking perturbation is added to the Hamiltonian these states become localized by mixing. States that correspond to normal modes in a classical description remain de localized when the same perturbation is added to the Hamiltonian. Thus we can show that the susceptibility to symmetry breaking is very much larger in local character quantum states than in normal character quantum states. This allows us to formulate a quantitative measure for localization in these molecules.
Our paper is organized as follows. First, we will recover the classical bifurcation parameter K and discuss its relevance in the quantum mechanical context. The issue of instability under symmetry breaking perturbations is quantitatively addressed for each individual eigenstate using two measures to be defined later: (1) The effect is measured in terms of order parameters that indicate the mismatch in occupation numbers of the two local oscillators. (2) The sensitivity is measured in terms of susceptibilities. The usefulness of the method is demonstrated by an application to experimental data. The discussion establishes the connection between the classical, semiclassical, and quantum mechanical results. In Sec. V the relevance for experimental situations is outlined.
II. THE EIGENVALUE PROBLEM OF THE DARLING-DENNISON HAMILTONIAN
The quantum mechanical Darling-Dennison Hamiltonian for two coupled stretch vibrations in its local form can be written in good approximation: 13 where
,
(6)
Here a; and ai' i = 1,2, are raising and lowering operators defined by their action on the state of the ith local anharmonic oscillator ailni)= ~Ini-I), ailni)= ~ni+ Ilni+ I).
(10)
The number operator n i and total number operator n are given by
The Hamiltonian parameters w, a, a12, /3, and TJ are obtained by modeling the observed spectrum and can be interpreted in terms of the physical picture of two identical harmonically coupled Morse oscillators where w is the fundamental frequency of the oscillators, a the anharmonicity constant, and The trajectories generated by the classical correspondent of the quantum mechanical Hamiltonian HO~ show parametric instability.6,15 In the following we will deduce the stability properties of the classical trajectories from the properties of the quantum mechanical eigenstates. In the classical analysis the bifurcation parameter K=~I2XI specifies the normal to local mode transition. In a quantum mechanical model, this parameter arises once more, but the value of K at which the transition occurs is shifted. To show the analogy, we use the fact that if there are any states of local character within in block labeled by I, then the two states I'I'/'±'O) of lowest energy E~'± are necessarily among them. Thus it is sufficient to identify the conditions where the I'I'/'±'O) undergo the normal to local character state transition. It is straightforward to treat the cases up to 1 =4 analytically. Experimentally more interesting are the cases where I'if> I. Let us restrict ourselves, without loss of generality, to even I. Then we can make the following estimates using a continued fraction expansion of the secular deterrninant. 
III. STABILITY OF EIGENSTATES TO SYMMETRY BREAKING PERTURBATIONS
For the symmetric Darling-Dennison Hamiltonian given in Eq. (1), the quantum eigenstates will always be delocalized in order to satisfy the symmetry condition. However, if a small symmetry breaking perturbation is added to the Hamiltonian, pairs of symmetrized states of local character will mix and become local while those of normal character will remain normal. In the following we will investigate the stability properties of eigenstates of H DD' The question of stability is decided by determining the magnitude of a symmetry breaking perturbation necessary to cause localization to a specified extent. We will show that eigenstates of local character become unstable against localization to a specified extent at smaller magnitudes of a symmetry breaking perturbation than occurs for eigenstates of normal character. A convenient choice for the perturbation is given by an energy mismatch between the two local oscillators. We will quantify the effect of the perturbations by determining the induced difference in vibrational excitation and the susceptibility of individual states by its dependence on energy mismatch. Other measures, such as the loss of initial eigenstate character, provide similar information and may be useful for different systems.
Let us begin with the formal development of instability of the symmetrized eigenstates toward localization. The perturbed Hamiltonian, including an energy mismatch of magnitude 2E, takes the form
Hoo,p=HoD+Eiz. (20)
Let us denote the eigenstates to H oo,p by 1'1'1, ± ,L) p • Note that these states are no longer symmetric in the strict sense. The induced difference between vibrational excitations of the two local oscillators is given by the expectation of the order parameter i z for the perturbed state 1'1'1, ± ,L) p, which we will denote by (21) Let us define the susceptibility of the unperturbed eige'!,-states 1'1'1' ± ,L) to the symmetry breaking perturbation 1 z by
The susceptibilities and order parameters are easily accessible by numerical calculation. In order to capture their physical content let us make the following estimate. It can be shown that, for I KI < 1, a two state approximation is valid. The splitting of the lowest pair of eigenstates can be estimated using a continued fraction expansion of the secular determinant. We find
Then for the lowest lying symmetric state 1'1'1' + ,0), the susceptibility can be estimated from first order perturbation theory as 
Since all states of local character have larger and all states of normal character smaller susceptibilities than 'Y~riV) we denote it the critical susceptibility. Figure I shows the result for the susceptibilities and the perturbation theoretic estimate for the most local state of Eq. (24) for H 2 0 and S02 for 2~1 ~ 10. Figure 2 shows the exact order parameter for H 2 0, 1 = 10. Both figures will be discussed below.
The preceding results can be transferred in a straightforward manner to the quantum mechanical form of the Duffing Hamiltonian,6 which is of intrinsic theoretical interest.
IV. DISCUSSION
Let us begin with a discussion of the parameter K. At IKI=1 two qualitative global changes occur in the quantum system that are ultimately responsible for the change in the stability properties: (1) The lowest lying eigenstates within a polyad change from normal to local character or vice versa.
(2) The first near degeneracy of eigenstates at lowest energy E~ appears or disappears. Note that the quantum mechanical normal to local mode transition occurs at 1 KI = 1, which is later than the classical transition at IKI=1(IKI=eI2). This may be interpreted, in terms of the classical dynamical potential V, using semiclassical ideas: The change from the single well to the double well form of V is not sufficient to lead to a localized quantum state. The barrier must be high enough so that at least one bound state lies at an energy below the barrier maximum.
The same semiclassical picture led in earlier work 6 to a dynamical interpretation of the physical significance of the normal to local mode transition: A localized wave packet with energy below the barrier remains localized on the time scale required for a localized wave packet with energy above the barrier to be transferred from one oscillator to the other. A localized wave packet with energy below the barrier has large overlap with local character eigenstates, and the one above, with normal character eigenstates. In order to define the significance for the symmetric eigenstates we must slightly change our point of view. Let us compare the dynamics of an eigenstate of local character to the dynamics of an eigenstate of normal character in the presence of a small symmetry breaking perturbation. The period of oscillation of vibrational excitation between the two local oscillators is much longer for a former local character state than for a . .
..
,. former normal character state. Within one period of transfer of a former normal character state, a former local character state becomes more localized whereas the symmetry of a former normal character state would be on average maintained. In terms of classical dynamics, a local character state is unstable whereas a normal character state is stable against a small symmetry breaking perturbation . This implies, for the algebraic eigenvalue problem, that the local or normal character should become apparent in the presence of a symmetry breaking perturbation. The order parameter, defined in Eq. (21) as the difference in occupation numbers of the two local oscillators as a function of the magnitude of the perturbation for a given state, quantifies the effect of such a perturbation. The susceptibility, defined in Eq. (22) as the slope of the order parameter, quantifies the sensitivity of any given state. Not only is the susceptibility a property of the unperturbed system, but it allows us to quantify the stability of each eigenstate. The estimates in Eqs. (15) and (24) allow the susceptibility to be interpreted as the time required for transfer of the vibrational excitation between the local oscillators (apart from a proportionality factor of n 2 ) or, equivalently, the inverse of the perturbation necessary to localize the vibrational excitation on either oscillator.
The susceptibilities of H 2 0 displayed in Fig. I (a) change dramatically upon excitation. We delineate three trends: (1) The individual susceptibilities increase with increasing energy and I; (2) the number of states with susceptibilities higher than the critical susceptibilities increases; (3) the eigenstates become unstable in pairs. The classical normal to local character transition is completely recovered quantum mechanically as can be seen from a comparison with the phase diagrams for the classical trajectories in Ref. 6 . The susceptibility of all local character states is at least 2 orders of magnitude larger than that of a normal character state and, for 1 = 10, up to almost 14 orders of magnitude. The interpretation in terms of the semiclassical picture is straightforward. The susceptibilities of S02 displayed in Fig. I (b) show uniformly low values, which is not surprising considering that
The order parameter for H 2 0 displayed in Fig. 2 provides complementary information. The symmetry of pairs of eigenstates is successively broken as the magnitude of the perturbation increases, which is uncommon in the context of quantum mechanics. In contrast to bifurcations in classical dynamics, the change in quantum mechanical stability occurs over a certain range of E; the notion of a bifurcation has been attached here, for the sake of nomenclature, to the inflection point of the order parameter (Fig. 2) . Note that the first bifurcation occurs at a magnitude of perturbation of E= 10-8 cm -1 compared to a typical magnitude of coupling between the local oscillators of ~= 10 2 cm -I. The crossings of the order parameters for high values of E shown in Fig. 2 have been extensively investigated and will be discussed elsewhere. Their physical significance lies in an extraordinary sensitivity to any small perturbation of wave packet quantum dynamics in this range of E that may result in chaos by analogy to the kicked top. 
V. CONCLUSIONS
The recovery of the classical bifurcation parameter K in the modified form K implies that the classification of spectral states into states of normal and local character according to the properties of the associated classical trajectories is legitimate. The physical significance of this local/normal distinction can be understood by extending the concept of a classical bifurcation using semiclassical ideas. The same semiclassical picture hints at the intrinsic property of instability of eigenstates of the Darling-Dennison Hamiltonian under symmetry breaking perturbations. In the classical system, K describes the stability properties of the trajectories, while in the quantum mechanical system K describes the stability properties of eigenstates. For each individual state the symptoms of instability can be quantified by the associated order parameter under perturbation, the extent of instability by the associated susceptibility. We conclude that the classical bifurcation can be understood as the classical correspondent of the instability of the quantum mechanical eigenstates.
The instability of eigenstates towards symmetry breaking perturbations is quite general and can be shown to be present in other classes of molecules, e.g., in ABn-or CnHn-type molecules, that are also known to undergo the normal to local mode transition.
The breaking of the molecular symmetry can lead to significant changes in the physical properties. It should be possible to detect effects of dynamical symmetry breaking in condensed systems, such as for H 2 0 molecules in a solid matrix, where the duration and magnitude of perturbations in form of fluctuations, disorder, or external stress may be sufficient. The distribution over localized eigenstates for given coupling between matrix and molecule can be determined on the basis of random matrix theory using a recently developed statistical stability criterion that will be discussed elsewhere. Similar phenomena in molecular aggregates have been reported in other systems of coupled degrees of freedom such as Jahn-Teller systems, where the molecular distortion can be induced by mechanical stress.
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The situation in the gas phase is delicate. For weakly perturbed molecules in the gas phase we expect the effects of dynamical symmetry breaking to be insignificant since transition rate into the states of broken symmetry decreases with increasing susceptibility. This can be seen from standard time-dependent perturbation theory. Localization in the presence of a constant perturbation is significant only for times t-1I/j.E~':!:.='Yl,+,o/n2 according to Eqs. (23) and (24). Although a molecule could detect miniscule constant symmetry breaking perturbations, such as inhomogeneity in fields, by complete localization, the time scale involved would be experimentally inaccessible. Nonetheless, a strong symmetry breaking perturbation, such as a large field inhomogeneity, might cause significant changes in the moment of inertia and the spin statistics of states with high susceptibility. Therefore, the rotational structure of the vibrational transition changes. In molecular collisions, interaction energies are frequently large enough, typically 0 (cm-I ), to allow transfer during the collision duration for the nearly degenerate susceptible states. The facile redistribution of vibrational energy during a collision should enhance the v -v rates of the highly susceptible local character levels compared to the normal character levels. To summarize the situation, a tradeoff between susceptibility, time of transfer, and strength of applied perturbation could allow the observation of dynamical symmetry breaking in the gas phase.
